Let R be a ring, (S, ≤) a strictly ordered monoid and ω : S → End(R) a monoid homomorphism. In this paper we study the ascending chain conditions on principal left (resp. right) ideals of the skew generalized power series ring R[ [S, ω]]. Among other results, it is shown that R[ [S, ω]] is a right archimedean reduced ring if S is an Artinian strictly totally ordered monoid, R is a right archimedean and S-rigid ring which satisfies the ACC on annihilators and ω s preserves nonunits of R for each s ∈ S. As a consequence we deduce that the power series rings, Laurent series rings, skew power series rings, skew Laurent series rings and generalized power series rings are reduced satisfying the ascending chain condition on principal left (or right) ideals. It is also proved that, the skew Laurent polynomial ring R[x, x −1 ; α] satisfies ACCPL(R), if R is α-rigid and satisfies ACCPL(R) and the ACC on left(resp. right) annihilators. Examples are provided to illustrate and delimit our results.
Introduction
Throughout this paper all monoids and rings are with identity element that is inherited by submonoids and subrings and preserved under homomorphisms, but neither monoids nor rings are assumed to be commutative.
A commutative ring R is said to satisfy the ascending chain condition for principal ideals (ACCP ), if there does not exist an infinite strictly ascending chain of principal ideals of R (see, for example, Dumitrescu et al., [5] or Frohn, [8] ). The ACCP is also called 1-ACC in Frohn [7] . Clearly every Noetherian ring satisfies ACCP. Ribenboim [25] gave a sufficient condition for the ring R[[S]] of generalized power series being Noetherian. Varadarajan [29] studied Noetherian generalized power series rings. Frohn [7] , gave an example to show that ACCP does not rise to the power series ring in general. In Dumitrescu A partially ordered set (S, ≤) is called Artinian if every strictly decreasing sequence of elements of S is finite, and (S, ≤) is called narrow if every subset of pairwise order-incomparable elements of S is finite. Thus, (S, ≤) is Artinian and narrow if and only if every nonempty subset of S has at least one but only a finite number of minimal elements.
Clearly, the union of a finite family of artinian and narrow subsets of an ordered set as well as any subset of an artinian and narrow set are again artinian and narrow. An ordered monoid is a pair (S, ≤) consisting of a monoid S and an order ≤ on S such that for all a, b, c ∈ S, a ≤ b implies ca ≤ cb and ac ≤ bc. An ordered monoid (S, ≤) is said to be strictly ordered if for all a, b, c ∈ S, a < b implies ca < cb and ac < bc.
For a strictly ordered monoid S and a ring R, Ribenboim [28] defined the ring of generalized power series R[ [S] ] consisting of all maps from S to R whose support is Artinian and narrow with the pointwise addition and the convolution multiplication. This construction provided interesting examples of rings (e.g., Elliott and Ribenboim, [6] ; Ribenboim, [26] , [27] ) and it was extensively studied by many authors.
In [22] , R. Mazurek and M. Ziembowski, introduced a "twisted" version of the Ribenboim construction and study when it produces a von Neumann regular ring. Now we recall the construction of the skew generalized power series ring introduced in [22] . Let R be a ring, (S, ≤) a strictly ordered monoid, and ω : S → End(R) a monoid homomorphism. For s ∈ S, let ω s denote the image of s under ω, that is ω s = ω(s). Let A be the set of all functions f : S → R such that the support supp(f ) = {s ∈ S : f (s) = 0} is Artinian and narrow. Then for any s ∈ S and f, g ∈ A the set X s (f, g) = {(x, y) ∈ supp(f ) × supp(g) : s = xy} is finite. Thus one can define the product f g : S → R of f, g ∈ A as follows: f g(s) = (u,v)∈Xs(f,g)
(by convention, a sum over the empty set is 0). With pointwise addition and multiplication as defined above, A becomes a ring, called the ring of skew generalized power series with coefficients in R and exponents in S (one can think of a map f : S → R as a formal series s∈S r s s, where [20] and [21] ). For every r ∈ R and s ∈ S we associate the maps c r , e s : S −→ R defined by c r (x) = r ; x = 1 0 ; Otherwise , e s (x) = 1 ; x = s 0 ; Otherwise (1.1) where x ∈ S. In fact, c r (x) and e s (x) are like r and
A ring R is said to satisfy the ascending chain condition on principal left ideals (ACCPL) if there does not exist an infinite strictly ascending chain of principal left ideals of R. Rings satisfying the ascending chain condition on principal right ideals (ACCPR) are defined analogously.
Obvious examples of rings satisfying ACCPL are left Noetherian rings. Also every left perfect ring satisfies ACCPL, since by a celebrated theorem of Bass (see [3] ) the left perfect condition is equivalent to the descending chain condition on principal right ideals, which in turn implies ACCPL, by Jonahs theorem from [15] . In the commutative case the ascending chain condition on principal ideals (ACCP ) appears naturally in studies of factorization in domains (e.g., [1, 5] ; see also [4] , Section 2]). For commutative rings several authors studied the passage of ACCP to some classical ring constructions such as localizations (e.g. [2, 10, 12] ), polynomial rings (e.g. [8, 9, 13] ), monoid rings (e.g. [17] ) or power series rings (e.g. [7] ). In [19] the ACCP condition for commutative generalized power series rings was studied and it was proved that if R is a commutative domain and S is a commutative strictly totally ordered monoid, then the ring R[[S]] of generalized power series with coefficients in R and exponents in S satisfies ACCP if and only if R and S satisfy ACCP (see [19, Theorem 3.2] ).
Frohn in [8] showed that if a ring R satisfies ACCP and R[X] has ACC on annihilator ideals, then R[X] also satisfies ACCP for commutative rings.
R. Mazurek and M. Zimbowski [22] proved that, if R is a domain and ω an endomorphism of R, then R satisfies ACCPL and ω s is injective for each s ∈ S if and only if R[ [S, ω] According to Krempa [18] , an endomorphism α of a ring R is said to be rigid if aα(a) = 0 implies a = 0, for a ∈ R. A ring R is said to be α-rigid if there exists a rigid endomorphism α of R. Clearly, every domain D with a monomorphism α is rigid. It is clear that, α-rigid rings are reduced (rings with no non-zero nilpotent elements) see e.g., [11] .
A ring R is left archimedean, if and only if for each nonunit element r ∈ R we have n∈N Rr n = {0}. Right archimedean rings are defined similarly. It is well known that each ACCP -domain is archimedean. In fact, if R is a domain, then, by Z. Liu [19] , for any domain R, R satisfies ACCPL if and only if n∈N r 1 r 2 · · · r n R = {0} for any sequence (r n ) n∈N of nonunits of R.
In section 2, we prove that, if S is an Artinian strictly totally ordered monoid, R is an Srigid ring satisfying ACCPR, and ω s an automorphism of R for each s ∈ S, then R[ [S, ω] ] is an ACCPR ring. Also we show that, if R is an α-rigid ring satisfying ACCPL(R) and ACC on left (or right) annihilators, then the skew Laurent polynomial ring R[x, x −1 ; α] satisfies ACCPL(R).
In section 3, we prove that, if R is a right archimedean domain, S an Artinian strictly totally ordered monoid and ω s is injective for any s ∈ S and preserves nonunit elements of R, then R[ [S, ω] ] is a right archimedean domain. We also show that when S is an Artinian strictly totally ordered monoid, R is a left archimedean S-rigid ring that satisfies ACC on annihilators, then R[ [S, ω] ] is a left archimedean ring. Also, when R is a right archimedean S-rigid ring that satisfies ACC on annihilators and if ω s preserves nonunits of R for each s ∈ S, then R[ [S, ω] ] is a right archimedean ring. (2) For any sequences (a n ) n∈N , (b n ) n∈N of elements of R such that a n = b n a n+1 for all n ∈ N, there exists m ∈ N with b n ∈ U (R) for all n ≥ m.
(3) For any sequences (a n ) n∈N , (b n ) n∈N of elements of R such that a n = b n a n+1 for all n ∈ N, there exists m ∈ N with b m ∈ U (R).
(4) n∈N r 1 r 2 · · · r n R = {0} for any sequence (r n ) n∈N of nonunits of R. 
Proof. One can see that
Since ss ′ = s ′ s, we have
Recall that an ideal I of R is called α-ideal, if α(I) ⊆ I. The ideal I is called α-invariant if α −1 (I) = I. R. Mazurek and M. Zimbowski in [22] proved that, if R is a domain and ω s is an injective endomorphism of R for each s ∈ S, then R satisfies ACCPL if and only if R[ [S, ω] ] is a domain and satisfies ACCPL.
In the following result we consider the case that R is not assumed to be a domain. There are various monoids S and S-rigid rings which are not domains and satisfy ACCPR. 
It is easy to see that I f is an ideal of R. Next assume on the contrary that there exists a non stabilizing chain of principal right ideals of A. So the set
is nonempty. Since R is S-rigid, R is reduced. So it is easy to see that R satisfies the ACC on left annihilators. Thus M has a maximal element. Let P = Ann R ( i≥1 I f i ) be a maximal element of M , where
We show that P is a completely prime ideal of R. Assume that a / ∈ P, b / ∈ P and ab ∈ P . Since R is S-rigid, using Lemma 2.3 we can see that a ∈ Ann R ( i≥1 I bf i ). Also we have
Then there exists a positive integer t such that for each n ≥ t, bf n+1 = bf n h n for some h n ∈ A. For each positive integer n, there exists v n ∈ A such that f n = f n+1 v n . Thus for each n ≥ t, bf
Thus we have a contradiction f m+1 ∈ f m A. Which shows that P is a completely prime ideal of R.
Since R is S-rigid and P = Ann R ( i≥1 I f i ), using Lemma 2.3, we claim that P is ω s -invariant for any s ∈ S. Let r ∈ ω −1 s (P ). So ω −1 s (p) = r for some p ∈ P , and so ω s (r)( i≥1 (I f i )) = 0. Thus ω s (r)u = 0 for every u ∈ i≥1 I f i . Hence ω s (ru) = ω s (r)ω s (u) = 0, and since ω s is injective, ru = 0. Thus r ∈ Ann R ( i≥1 I f i ) = P which means that ω −1
Since R is an ACCPR-ring and P is a completely prime ideal of R, it follows that R/P is an ACCPR-domain. On the other hand ω s is an automorphism, thus it preserves nonunit element of R for every s ∈ S. Hence T is an ACCPR-domain.
For each positive integer i,
So for each i,f i =0 and henceḡ i =0. By [22, Proposition 2.1], there exists a positive integer j such that for each m ≥ j,ḡ m is invertible in T . Then there is someh ∈ T such that g mh =hḡ m =1. Henceḡ mh −1 =0. So it is easy to see that for each
On the other hand, we know that b ∈ P and f m+1 b ∈ Af m+1 A. We have also b(s ′ ) ∈ P , so
will stabilize, which is a contradiction. Thus the result follows.
The following example shows that, in Theorems 2.4, 3.1 and 3.2, the Artinian condition on the monoid S is not superfluous.
Example 2.5. Let Z n be the ring of integers module n. Then Z n satisfies ACCP and archimedean condition and also it satisfies the ACC on right annihilators. Now consider
We have an ascending chain as follows: . We have the recursive formula s n = r n + s n+1 . So r n has to be unit. But the units of S is U (S) = {0}. So r n / ∈ U (S) for any n ∈ N. Thus according to [22 
The following example, (See [13, Example] ), shows that the S-rigid condition in 2.4 is not superfluous.
Example 2.6. Let k be a field and A 1 , A 2 , · · · be indeterminates over k, and set
Denote by a n the image of A n in S and by R the localization of S at the ideal (a 1 , a 2 , · · · )S. Note that S is a limit of the rings S n where S 1 is S 1 := k[a 1 ] and
Heinzer and Lantz in [13] proved that R satisfies ACCP but the ring R[x], does not satisfy ACCP. Note that in S we have
but a 3 (a 1 − a 2 ) = 0. Thus S is not reduced and since R contains (an isomorphic copy of) S (see [13] ), R is not reduced. So the S-rigid condition in 2.4 is not superfluous.
We now consider a case for which S is not positive. Let R be a ring with a monomorphism α. We denote R[x; α] the Ore extension whose elements are the polynomials Σ n i=0 r i x i , r i ∈ R, where the addition is defined as usual and the multiplication subject to the relation xa = α(a)x for any a ∈ R. The set {x j } j≥0 is easily seen to be a left Ore subset of R[x ; α], so that one can localize R[x; α] and form the skew Laurent polynomial ring R[x, x −1 ; α]. Elements of R[x, x −1 ; α] are finite sums of elements of the form x −j rx i where r ∈ R and i and j are nonnegative integers. Now we consider D.A. Jordan's construction of the ring A(R, α) (See [13] , for more details). Let A(R, α) be the subset {x −i rx i | r ∈ R , i ≥ 0} of the skew Laurent polynomial ring R[x, x −1 ; α]. For each j ≥ 0, x −i rx i = x −(i+j) α j (r)x (i+j) . It follows that the set of all such elements forms a subring of R[x, x −1 ; α] with x −i rx i + x −j rx j = x −(i+j) (α j (r) + α i (s))x (i+j) and (x −i rx i )(x −j sx j ) = x −(i+j) α j (r)α i (s)x (i+j) for r, s ∈ R and i, j ≥ 0. Note that α is actually an automorphism of A(R, α). We have R[x, x −1 ; α] ≃ A(R, α)[x, x −1 ; α], by way of an isomorphism which maps x −i rx j to α −i (r)x j−i . Now we examine the ACCPL condition for the skew Laurent polynomial ring R[x, x −1 ; α]. First, we recall the following propositions which are proved in [16, 24] . Proof. Assume that
is a nonstabilized chain in the ring A(R, α). Then,
Since R is ACCPL(R)-ring, the above chain will stabilized. So
It is easy to see that u ′ is a unit in R, so
a)x b+r = 0, which means that sa = 0. So s ∈ Ann(K l+1 ), and hence Ann(K l ) ⊆ Ann(K l+1 ).
Theorem 2.11. If R is an ACCPR(L)-domain with a monomorphism
denote the degree of f in positive and negetive coefficients, respectively. Suppose that
We claim that there are two cases:
To prove it, suppose that δ i < δ i+1 and
Or we have,
So it contradicts to our assumption, hence one of mentioned cases occurs. Now there are three cases for the sequence f 1 ⊆ f 2 ⊆ · · · .
(i): There exists a subsequence f i j such that f i 1 ⊆ f i 2 ⊆ · · · and δ i j > δ i j−1 for all j. But it is impossible unless δ 1 = +∞ which is a contradiction.
(ii): For each i we have δ i = δ i+1 and
(iii): There does not exist any subsequence such that δ i j > δ i j+1 for all j. So it should exist one subsequence {f i j } such that θ i j < θi j−1 , otherwise δ i = δ i+1 and θ i = θ i+1 for i > N which is case (ii). This means that θ 1 = −∞ which is impossible. So the result follows
In the following result we consider the case that R is not assumed to be a domain. Notice that rings with rigid endomorphisms are reduced. 
Theorem 2.12. Let R be an α-rigid ring and α preserves nonunits. If R is an ACCPL(R)-ring satisfying ACC on left(or right) annihilators, then R[x, x −1 ; α] is an ACCPL(R)-ring.

Proof. Let R be an ACCPL(R)-ring
One can show that I f is an ideal. Now assume that there exists a nonstabilizing chain of principal right ideals of S. So the set
is nonempty. Since R is α-rigid, R is reduced and so it is easy to see that since A satisfies the ACC on right annihilators, A satisfies the ACC on left annihilators. Thus M has a maximal element. Let P = Ann( I f i ) be a maximal element of M , where f 1 S ⊆ f 2 S ⊆ · · · is a nonstabilizing chain in S. We show that P is a completely prime ideal in A. Assume a, b ∈ R \ P and ab ∈ P . So ab ∈ Ann( I f i ) which means that abI f i = 0 for each i. So for each
Since A is α-rigid, a ∈ Ann(I bf i ). Also the chain bf 1 S ⊆ bf 2 S ⊆ · · · stabilizes, because P ⊆ Ann(I bf i ). Hence there exists a positive integer t such that for each n ≥ t, bf n+1 = bf n h n . Also for each n one can see that
, for each i > t. So b ∈ Ann( I q i ) and also P ⊆ Ann(I q i ). So q 1 S ⊆ q 2 S ⊆ · · · stabilizes. Thus there exists a positive integer t ′ such that for each m ≥ t ′ , q m+1 = q m l m for some l m ∈ S. Then f m+1 (1 − g m h m ) = f m (1 − g m−1 h m−1 )l m and so f m+1 ∈ f m S, which is a contradiction. So P is completely prime. We show that P is α-invariant. Let a ∈ α −1 (P ). So α(a) ∈ P . Hence α(a)I f i = 0 for each i. But, since A is α-rigid, aI f i = 0 for each i. So a ∈ P and that α −1 (P ) ⊆ P .
Let a ∈ P . So aI f i = 0 for each i. Hence α −1 (a)I f i = 0, as R is α-rigid and α is an automorphism of A. So α −1 (P ) = P and P is α-invariant. Thus T := R/P [x, x −1 ; α] is an ACCPL(R)-domain. We know that for each i,f i = f i+1ḡi with
Iff i =0 for some i, then a δ i ∈ P . So a δ i I f i = 0. Thus a δ i α δ i (a δ i ) = 0 which means that a δ i = 0, since A is α-rigid. Sof i =0 and soḡ i =0. Since T is an ACCPR(L)-ring,ḡ i must be a unit where i > m for some m > 0. Soḡ ih =hḡ i =1. So for each coefficient b of the polynomial g m h − 1, we claim that b ∈ P . We claim that f m+1 (g m h − 1) = 0. Assume that
So a δ m+1 , a θ m+1 ∈ I f m+1 . Since b ∈ P , ba δ m+1 = 0, ba θ m+1 = 0. Hence
stabilizes, which contradicts our assumption and the result follows.
Example 2.13. Let k be a field and R = k x 1 ,x 2 ,··· x 1 x 2 ,x 1 x 3 ,··· . The ring R does not satisfy the ACC on annihilators, as Ann(x 1 , x 2 , · · · ) ⊆ Ann(x 2 , x 3 , · · · ) ⊆ Ann(x 3 , x 4 , · · · ) ⊆ · · · . Also we claim that R is an ACCP -ring. To do this, first, notice that if f, g ∈ R and f 0 , g 0 = 0, then
) for each i. So g n must be a unit for each n and since k is a field, so the mentioned chain will stabilize.
. So the chain stabilized by the fact that k is a field. So the chain f 1 ⊆ f 2 ⊆ · · · will stabilize and R is an ACCP -ring.
Also, we claim that R is reduced. Let f ∈ R such that f 2 = 0. Let deg
Also it is easy to see that for each n ≥ 1, g n / ∈ U (R). Otherwise, let g n ∈ U (R) for some n ≥ 1. So g n h = 1 for some h ∈ R . So (x n−1 t + (1 + x n−1 ))h = 1, and h 0 = 1 + j =n−1 a j x j . So h 0 x n−1 + (1 + x n−1 )h 1 = 0, and
Hence h 1,0 = 0. If deg x n−1 (h 1 ) = 0, then left side of 2.4 has a nonzero coefficient of x n−1 , but the right side does not. Else if, deg
is not an ACCP -ring. So the condition ACC on annihilators can not be omitted.
Archimedean Skew Generalized Power Series Rings
A domain R is said to be archimedean if ∩ n≥1 a n R = 0 for each nonunit a of R. It is well-known that any domain satisfying ACCP is archimedean, but the converse is not true (see, for example, Dumitrescu et al., [5] , p. 1127). We consider this property for skew generalized power series ring. First, recall that if (S, ., ≤) is a strictly totally ordered monoid and 0 = f ∈ R[[S, ω]], then supp(f ) is a nonempty well-ordered subset of S. The smallest element of supp(f ) is denoted by π(f ). R. Mazurek and M. Ziembowski in [21, Proposition 3.2] proved that if s ∈ U (S) and 
It is clear that A is a domain. Assume to the contrary that f is a nonunit element of A. So there is a nonzero element g in n≥1 Af n . Then for each n ∈ N there exists h n ∈ A such that g = h n f n . Using [22, Proposition 3.1(i)], we get π(g) = π(h n f n ) and so
n , since R is a domain. So for each n ∈ N,
This yields that g(π(g)) ∈ n∈N R ω π(g) (f (π(f ))) n . Also f (π(f )) is not a unit, since otherwise π(f ) and f (π(f )) would be both units and f will be unit, by [22, Proposition 3.1(i) ]. Since R is right archimedean, as g(π(g)) = 0, which contradicts the fact that π(g) ∈ supp(g). Thus g = 0 and the result follows. Now suppose that supp(f ) = {1}. There are three cases. Case 1. π(f ) > 1. We know that π(g) = π(h n )π(f ) n . So π(h n ) < π(h n−1 ) for each n. Thus {π(h n )} forms a descending chain and must have a maximal element which is a contradiction.
Case 2. π(f ) < 1. Which means that {π(f n )} forms a descending chain and has a maximal element. This is also a contradiction.
Case 3. π(f ) = 1. So f (π(f )) is not a unit since otherwise f would be a unit. Also one can see that
So h 1 f = 0, since R is archimedean. So h i f i = 0 for all i which contradicts our assumption.
This result can be applied even when the endomorphisms ω s are rigid monomorphisms. In fact, we proved the above theorem for S-rigid ring R as follows. 
Proof. Assume to the contrary that
is not a right archimedean ring. Then there exists g ∈ A such that n∈N Ag n = {0}. Also consider I f = {g(π(g))|g ∈ Af A} for f ∈ A as in Theorem 3.1. There are two cases for g:
So for each i, one can see that
Note that since R is S-rigid, A is reduced by ([20] , [8] ) and π(g i ) = π(g) i . Now, there are three cases: (i): π(g) < 1. Then we have
which should be stabilized and it is a contradiction.
(ii):
Since S is Artinian, π(a i ) = π(a i+1 ) for some i. But this contradicts π(g) > 1.
is not a unit as g is not a unit. So
So a 1 (π(a 1 ))g(π(g)) ∈ Rg i (π(g i )) for all i ∈ N and since R is S-rigid and hence reduced, we have a 1 (π(a 1 ))g(π(g)) ∈ R(g(π(g))) i . Also, R is archimedean, and
It is easy to show that a i (π(a i ))g(π(g)) = 0 because of the fact that R is reduced. So for all i, g(π(g)) ∈ Ann (a i (π(a i ))). So
Hence g(π(g)) = 0 which is a contradiction. Case 2. Let Ann i∈N I a i = {0} such that
We know that T = ∅ and R satisfies ACC on annihilators. So T has a maximal element like Ann i∈N I a i f for some f ∈ A such that
We claim that V := Ann i∈N I a i f is a completely prime ideal of A. Since R is S-rigid, V is a two sided ideal. Let ab ∈ V and a, b are not in V . Then
So a ∈ Ann(I ba i f ). But it is easy to see that
Since b / ∈ V , we can see that Ann(I ba i f ) = {0}. Also by multiplying b to equation (3.1), we have
Also V is maximal in T . This and 3.2 yields that V = Ann(I ba i f ), which implies that a ∈ V which is a contradiction. So V is a two sided completely prime ideal. Now we show that ω s is V -invariant for each s ∈ S. Let r ∈ V . Then rI a i = 0 by Lemma 2.3. So V ⊆ ω s (V ) for each s ∈ S. Now let r ∈ ω s (V ), so r ∈ ω s (t) such that t ∈ V and tI a i = 0. So ω s (tI a i ) = 0 which means that rω s (I a i f ) = ω s (t)ω s (I a i f ). So r ∈ Ann(ω s (I a i f ) ). But we have V ⊆ ω s (V ) which means that
So r ∈ Ann(I a i f ) = V . Hence ω −1 s (V ) = V and ω s is V -variant for each s ∈ S. We know that V is a completely prime ideal and hence the factor ring U := R V is an archimedean domain and by Theorem 3.1, U [[S, ω]] is an archimedean domain.
We know that there exists
Otherwise, let f be a unit. So there exists g ∈ A such that f g − 1 = 0; which means that
We have four cases.
(i): π(f g − 1) = 1 S and (f g − 1)(1) = −1 R . Hence π(f ) = 1 or π(g) = 1 which means f or g are not unit since S is Artinian strictly totally ordered monoid, and the only unit of S is 1. So it is a contradiction.
(ii): π(f g) < 1. So
which contradicts to the fact that S is Artinian. (iii): π(f g−1) = 1. So f g = 1+k for some k ∈ W \U and π(k) > 1. So f (π(f ))ω π(f ) (g(π(g))) = 1. Thus f (π(f )) is a unit and π(f ) = 1. This means that f is a unit and it contradicts to the definition of f .
(iv): Suppose that f g(1) = r = 1 and π(f g) = 1 (i.e. r = 0). We know that f is a unit.
By multiplying (a 1 f )(π(a 1 f )), it yields that which is impossible according to our assumption, f that is a unit. So for each i, t i r i+1 = 0 which means that t i r i+1 = t i+1 r i+2 . Since R is archimedean, i t i r i+1 = 0 which contradicts to the fact that b i is a unit for each i. So f is a nonunit. We have a 1 f = a 2 f 2 = · · · . Since W is archimedean, a 1 f = 0. If a 1 = 0, then a 1 (s) = 0 for every s ∈ S. So a 1 (s)(a 1 f )(π(a 1 f )) = 0 for every s ∈ S. Also ω t (a 1 (s)(a 1 f )) (π(a 1 f )) = 0 for s, t ∈ S. Hence, by Lemma 2.3, ((a 1 f )(π(a 1 f )))ω π(a 1 f ) ((a 1 f )(π(a 1 f ) 
So ((a 1 f )(π(a 1 f ))) ω π(a 1 f ) ((a 1 f )(π(a 1 f ))) = 0 which yields ((a 1 f )(π(a 1 f ))) 2 = 0 by Lemma 2.3. Thus (a 1 f )(π(a 1 f )) = 0 which is a contradiction. The case f = 0 is impossible, similarly. This completes the proof.
We provide an example of an archimeadean ACCP -ring R with a homomorphism α which is not rigid, but A = R[x; α] is not an ACCPL-ring. Note that, an element r = v i 1 v i 2 · · · v i k is considered as a monomial with degree k. The degree of s = r 1 + r 2 + · · · is max i∈N degree(r i ). It is obvious that α(1) = 1. We claim that R satisfies ACCP. Now suppose that R does not satisfy ACCP. So there exists a non-stabilized chain:
One can see easily that degree(a i ) > degree(a i+1 ). So degree(a 1 ) = ∞ which is a contradiction. So R is an ACCP -ring. Also we claim that R is left archimeadean. Let there exists a ∈ R such that n∈N Ra n = {0}.
Then there is t ∈ Ra n for each n which means that the degree of t should be ∞ and it is also a contradiction. So R is left archimeadean. The homomorphism α is not rigid because v 3 α(v 3 ) = 0, but v 3 = 0. We claim that A = R[x; α] is not an ACCPL-ring. To do this, consider the following sequence: One can see that
So we get the following chain:
Note that p 1 is not nilpotent. Since degree of p k is k, so p 1 x + p 0 is not a unit and we get Rf 0 Rf 1 · · · , which shows that A does not satisfies ACCPL.
